Logarithms and Exponents [256 marks]

1. [Maximum mark: 8]

(@) Showthatlogg (cos 2z + 2) = logs+/cos 2z + 2.

Markscheme

attempting to use the change of base rule M1

logs(cos 2z+2)

logg (cos 2z + 2) = Tog.0

Al
= 2log; (cos2z +2) A1

= logzy/cos2z + 2 46

[3 marks]

(b) Hence or otherwise solve

log; (2sinz) = logg (cos 2z + 2)for0 < = < 5.

Markscheme

log, (2sinz) = logz+/cos 2z + 2
2sinx = y/cos2x +2 M1

4sin? £ = cos 2z + 2 (orequivalent) A1
useofcos 2z = 1 — 2sin?z (M)
6sin’z = 3

sinz = (i)ﬁ A1

_
r=T A



Note: Award A0 if solutions otherthan £ = % are included.

[5 marks]

[Maximum mark: 5]
Solve the equation 2 In x = In 9 + 4.Give youranswerin the
formx = pelwherep, q € Z™. [5]

Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessment in the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

METHOD 1

2lnz— In9=14
usesmlnz = Inz™ (M1)
Inz? - In9=4

useslna — Inb =1n % (M1)



METHOD 2
expresses4d as4 In eandusesln ™ = mInx (M1)
2lInz=2In3+4lne Inz=In3+2Ilne) A1

uses2lne =Ilne2andlna+Inb=Inab (M1)

Inz =1In (3e2) A1

METHOD 3

expressesdas4 In eandusesm In z = In 2™  (M1)
Inz?2=In32+Ine* A
useslna+Inb=1Inab (M)

In 22 =1n (3%e?)

x? =3%* = = +/3%% (z>0) A1

sox =362 (x>0) (p=3,¢q=2) A1

[5 marks]

[Maximum mark: 6]

(a) : T -1 — _z
Giventhatz > 7,show that s——= X — = %5.

Markscheme

attempt to factorize at least one expression M1)



x (z—1)(z+1) z(z%-1) z(z2-1)
e e X w1 R e O ene e
A1
= A6
[2 marks]

(b) Hence, or otherwise, solve

log, [z(z% —1)] —1=1log, [(z? — 8z + 7)(z +1)]
[4]

Markscheme

METHOD 1 (combines given log terms)

attempt to use the subtraction/quotient property of logs (M1)

logy ((wZ:gii;;L+l)>

valid attempt to rewrite equation with (or without) logs on both sides (seen
anywhere) M1)

2= -2 oR log, (-%=) = log, 2 or 2"°& (%) =21 )

7 7

r=14 a1

METHOD 2 (uses log laws with LHS)
attempttouse 1 = log, 2 (seen anywhere) M1)

attempt to use the subtraction/quotient property of logs (M1)

log, (3’32_"’) = log, ((z?> — 8z +7)(z+ 1)) oR

)z V(@ -T)(+1) @y




2
r=14 M
[4 marks]

[Maximum mark: 5]
Solve the equation 3 logg 10z — log, = = 1forx > 0.

Markscheme

Note: Candidates may approach this problem in different ways and may do
their steps in many different orders.

TheMmarks are independent and may be awarded in any order. Use the
description of each mark to determine when the mark may be awarded.

3 logg 10x —log, z =1

attempt to apply power rule, quotient rule, or product rule (seen anywhere)
(m1)

attempt to apply change of base rule (seen anywhere) M1)

correct equation with same base in all logarithms A1

log, 10z — log, 27 =1 or
log, (10z)*

oz, 8~ log,z=1

log, 10 + log, = — % logy x =1 or

(orequivalent)

correct equation without logarithms Al

10/ =2 or /z = %(: %) (orequivalent)

1

% Al

Tr =



[5 marks]

[Maximum mark: 14]
A population of frogs, F,in a swamp after £ months, can be modelled by the
function

F(t) = 1850 x 1.105" wheret > 0.

(@) Find the population of frogs after one year. [2]
Markscheme

correct substitution of t = 12into F'(t) (A1)
6130. 82. ..

6130 (accept 6131) answer must beinteger A1
[2 marks]

(b) After x complete months, the population will be at least
35000 frogs. Find the value of . [3]

Markscheme

1850 x 1.105% > 35000 (accept strictinequality orequality) (A1)
attempt to solve for & using table, graph, or logarithms m1)

29.4471... 0R (z =29 =)33471.7... OR
(z = 30 =)36986.2. ..

x = 30 (months) A1



Note: Condone use of .

[3 marks]

The function F' can be written in the form F(t) — 1850e*t.

(c) Find the exact value of k. [2]

Markscheme

(1.105° = (¢) =)e* = 1.105 or
(1. 105 = ekt é) kt = In 1.105¢ (orequivalent) (A1)

k =1n 1.105(donotacceptk = 0.0998) 41

Note: Do not award any marks if the candidate substitutes an approximate
value obtained from using F'(t) = 1850 x 1.105% into

F(t) = 1850 x e’ for example
F(12) = 1850 x ek — 6130. 82. . ., as this will not lead to an

exact value for k.

[2 marks]

(d) Find the rate at which the population of frogs is growing after
15 months. [2]

Markscheme

recognizing the need to find F'/ or F’(15) M1)

825.911...



F'(15) = 826 (frogs permonth) AT

[2 marks]
A more realistic model describing the population of frogs, (7, after £ months is
given by

35000
G(t) — W where t 2 O

(e) After 15 months, this model predicts a population of 6995
frogs. Find the value of A.

Markscheme

setting G(15) equalto 6995 (M1)
17.8890. ..

A=17.9 m

[2 marks]

(f) Find the value of £ when the rate of population growth is the

greatest. [2]
Markscheme

recognize need for G" = 0 or maximum of G M1)
28.8996. ..
t=28.9 a1

[2 marks]



(9) By considering the graph of GG or otherwise, state one reason
why G (t) is a more appropriate long-term model than F'(¢).

Markscheme

any one of the following reasons (A1)
G
G

t) accounts for frog deaths in the population.

- (t) accounts for limited space/resources.
- G(t) has carrying capacity.
- F(t) has the population growing forever, without bound.

[1mark]

[Maximum mark: 5]
Write each of the following expressionsin the form In k,wherek € Z ™.

@ In3+In4
Markscheme

Inl12 a1

[1mark]

by 31ln2

Markscheme

In 23 @)



=In8&8 a1

[2 marks]

@ —In3

Markscheme

In (%)_1 oR —(In1—-In2) oR —In27"1
=ln2 M

[2 marks]

[Maximum mark: 15]
The function fisdefined by f(z) = 5(x + 1)(x + 3),wherex € R.

(@) write f(x) in the forma(a: — h2) + k,wherea, h,k € Z.
Markscheme

METHOD 1
a=>5 (A1)
attempt to use roots and symmetry to find h M1)

j - (FDH(3)
2
(D-(=3) _ 4

5 (may be seen on a diagram)

OR half the distance between the roots

h = —2(acceptx = —2) (A1)

f(z) = 5(z — (~2))> — 5(: 5(z +2)° — 5) a



(a=5, h=-2, k= —5)

METHOD 2
a=>5 ()
attempt to expand

(x+1)(z+3)==z%+4z + 3 OR
5(z + 1)(xz + 3) = 522 + 20z + 15

EITHER

uses their expansion to attempt to complete the square to the form m1)
p(m + q)2 -+ 7, where q is half the coefficient of their & term

:(w+2)2—22+3<: (x+2)2—1) OR
5[(w+2)2 92 +3] (: 5(z +2)% — 5) an

OR

uses their expansion to attempt to differentiate and sets equal to zero
(M1)

Y 2 +4=00R 3L =10z +20=0

h = —2(acceptx = —2) (A1)

OR



uses their expansion to attempt to find axis of symmetry using h = =b

2a
(M1)
_ —4 _ =20
h = - OR h = 0
h = —2(acceptx = —2) (A1)
THEN
f(z) = 5(z — (—2))* - 5(: 5(z + 2)% — 5) At
(a=5, h=—2, k= —5)
[4 marks]
(b) Sketch the graph of y — f(x),showing the values of any
intercepts with the axes and the coordinates of the vertex. [4]

Markscheme



M1A1A1A1

award M1for a roughly symmetric curve which is concave up
award AT for x interceptsat —3 and — 1

award A for iy interceptat 15

award A7 for vertexat (—2, —5)

[4 marks]

Solve the inequality f(z) < 40.

Markscheme

5(z +2)> —5 <40 or 5(x + 1)(x + 3) < 40 OR
(x + 1)(x + 3) < 8leadingto (x+2)2 <9 OR
5?2 +20r —25 <0 OR z2+4x—-5<0 @



valid attempt to find the critical values for their quadratic inequality
r+2==x3 0R (x+5)(x—1)=0
x=—-5x=1 (A1)

—5<x<1l

Note: Accept (x €)[—5, 1] orequivalent.

[4 marks]

The function g is defined by g(m) = In z,wherexz € R,z > 0.

(di)  Write down an expression for (f o g) (:I:)

Markscheme

(fog)(x)=5(nz+1)(Inz+3) orR 5(Inz+2)* -5
OR 5(Inz)* +20Inz +15 A1

[1 mark]
(dii)  Solve theinequality (f o g) (x) < 40.
Markscheme

attempt to replace & with In 2 using their solution to part (c) m1)
—5<lnzx<1

e v <x<e A1

Note: Accept (:B E) [6_5, e] orequivalent.

M1)



[2 marks]

[Maximum mark: 17]
The function fisdefined by f(x) = 4% wherez € R.

(@)  Find f_1(8). Express your answer in the form % where
D, q € Z.
Markscheme

4* =8 OR f1(z) =log, = OR f1(8) =log, 8 A1
attempt to use indices with same base OR change of base of logs  (M1)

22¢ — 23 47 — 47 oR f!(8) = log, 47 OR

_ log, 8
f 1(8): 10524

[3 marks]
The function g is defined by g(w) =1+ log, x,wherez € RT.

(b.i)  Find an expression forg*1 ().
Markscheme

interchanging & and Y (seen anywhere) M1)
r=1+1log,y ORy—1=log, x

z—1=logy,y OR 2V 1 =2



g_l(x) — 271 (orequivalent) A1
[2 marks]
(b.ii) Describe a sequence of transformations that transforms the
graphofy = g~ () tothe graphof y = f(x). [2]

Markscheme

METHOD 1

a horizontal translation/shift by 1 unit to the left (do not accept‘move’)

followed by a horizontal stretch/dilation with scale factor % (accept
horizontal compression by a factor of 2)

one correct transformation A1

two correct transformations in the correct order Al

METHOD 2

horizontal stretch/dilation with scale factor % (accept horizontal
compression by a factorof 2) A1

vertical stretch/dilation with scale factor 2 A1

Note: A7s can be awarded independently here as order is not important.

[2 marks]

(©  Showthat (fo g)(z) = 4z2. [3]

Markscheme



attempt to find composite function (in any order) M1

f(l + log2 .CU) (: 41+1og2 x)

4 % 419827 QR 4 x 92108, 7 QR 4log: 2z @R 2(2—}—210g2 Z) OR
4(log4 4+2log, x) A1)

— 4 x 298:2" oR 2108 (22)° op glos(42?) 4
= 42% A6

[3 marks]

2
The function h is defined by h(z) = 2111 , TH —1.

The following diagram shows part of the graph of h.Let R be the region
enclosed by the graph of h and the z-axis, between thelinesz = landz = 3

. 2
(di)  Showthat2z — 1 + 2x1+1 = 2iﬁ1. 2]



Markscheme

92—1)(20+1)+1
20 — 1+ 2x1+1 = & 2):(cf1 ) (A1)
C 4z?o141
22+ 1 A1
2
2r —1+ -1 — 4z AG

2z+1 2z+1

Note: accept working from RHS to LHS.

[2 marks]

(d.i) Hence orotherwise, find the area of I, giving your answer in
theformp + g In r,wherep, q, 7 € Q7. [5]

Markscheme

METHOD 1

3
enclosed area is fl (2:13 — 1+ ﬁ) dzx

attempt to integrate (at least one correct term or In (2 + 1) seen)
(M1)

=z —z+ 1In |2z + 1|(+c) A

Note: Award A1 for 22 — azandAIfor%ln |2x + 1‘.
Accept %ln (2z + 1).

substitute correct limits into their integrated expression and subtract
(M1)



=(9-3++4In7) — (1 -1+ 5In3)

AN
I

6 +

o=

7
In 3 A1

METHOD 2

attempt to use integration by substitution (m1)

letu = 2x + 1 ORu:2x—1:>%:2

Lf(w—2+L)duor L[ dyor

%f (u—l—u%rz)du A1

correctintegration

= tu? —u+ 3In [u|(+c) OR Tu®+ FIn |u+ 2|(+c)

substitution of their limits into their integrated expression and subtract
M1)

= (2 -7+31In7) — (2 -3+ 3In3) or
(% +4m7) = (1 +3m3)

A=6+ %111 % (orequivalent) A1

[5 marks]

(M

aximum mark: 5]

(a)

Find an expression for logm 24 intermsof pand q.

Al



10’

Markscheme

correct application of log,, xy = log, « 4 log, y OR
log, ™ =mlog, z (M)

correct expression in terms of loglo 2 AND logm 3 (arguments must
be2and3) (A1)

3 log;y 2 + log;y 3 OR log;, 2 + log,, 2 + log;, 2 + log,, 3
3p+q A
[3 marks]

(b)  Findan expression forlogs 8 intermsof pandgq.

Markscheme

o logl() 8 o 3 logm 2
(logs 8 =) Tog, 3 (‘ Tog,, 3 (A1)

[2 marks]

[Maximum mark: 16]
(@i)  Solveb — 4x — 22 = 0.

Markscheme

recognizing need to factorise, complete the square or substitute into
quadratic formula M1)



4/ (—4)*—4x(~1)x5

(5+z)(1—z) oR 9 — (z+2)° OR e
r=-5x=1 M
[2 marks]

(aii)  Hence, find the values of Z such that 5 — 4z — x2 > 0.

Markscheme

sign diagram or sketch of y = 5 — 4x — 2 with —5 and 1 indicated
(M1)

—H<er<1l m

Note: Award A1for answers using interval notation (—5, 1).

[2 marks]

Consider the function f(x) = log;, (5 — 4z — x2),wherea <x<b
andk > 1.

Part of the graph of f is shown in the following diagram.



v‘l',

A

The graph of f hasvertical asymptotesatz = aandx = b.
(b) Write down the value of

(bi) a;
Markscheme
(a=)—5 a1
[1mark]

(bii) b.
Markscheme

(b=)1 &

[1mark]

() Findthe exact values of Z such that f(x) = 0.

Markscheme

(logy(5 — 4z — 2?) =0=)5 -4z —z2 =1

(A1)



22 4+4r—4=00R4—4x —22=0

attempting to solve their quadratic equation setto 0 M1)

. —4i\/422—x41><1><(—4) orR (z+2)2-8(=0) ar

r—=-2+2V2 m

[4 marks]
The graph of f has a maximum value of 2.

(d)  Find the value of k.
Markscheme

EITHER

recognizing that maximum of fiswhen b — 4x — 22 isa maximum or
when fI(x) =0 M)
substituting into x = —% OR —4 — 2z =0 OR

—4-2z — 0
(5—4z—x2)Ink

OR

use of symmetry to find -coordinate of maximum M1)

a+b __ sum of their answers to (c)
—5 OR T = 5

THEN

T = —2 (seenanywhere) Al



11.

maximum of quadraticis9 OR argument of logarithmis9  (41)

k> =5— 4(-2) — (—2)2 (orequivalent) A1

valid approach to solve M1)
k> =9 oR k= +3
k=3 m

[6 marks]

[Maximum mark: 14]
The function f is defined as f(x) = log, (4:13),where£13 > 0.

(a) Find the value of
@)  f(8);

Markscheme

substitution of £ = 8 inpart(i)orz = % in part (ii) M1)
log, (4 x 8) OR log, (32)
log, (32) =5 A1

[2 marks]

@i f(5).

Markscheme

N[



=0

[1mark]

(b)  Find an expression forf_l(zc).
Markscheme

swap £ and y M1)

z = log, (4y) OR * =2+ 1log, y
attempt to write as exponential M1)
2 =4y (A1)

(F@=) ¢ (=277

[4 marks]

(O Hence,orotherwise, find f ~1(0).

Markscheme

1
1 Al

[1mark]

The graphof y = f (16:133) can be obtained by translating and stretching the

graph of y = log, .

(d) Describe these two transformations specifying the order in

which they are to be applied.

Markscheme



METHOD 1
f(1623) =log, (4 x 16z3)
attempt to use addition rule for logs M1)

log, 4 + log, 16 + log, z® OR log, 64 + log, =3 (or
equivalent) (A1)

attempt to use exponent property for logarithms (M1)
f (16:133) = 6 + 3 log, = (orequivalent) AT

the graph of g must be vertically stretched (dilated) by a scale factor of 3
and then vertically translated (shifted) 6 units upwards. A2

METHOD 2 (5 marks maximum)
f(162%) = log, (4 x 16z3)

attempt to write argument as a power (M1)

log, (64m3) = log, ((4x)3) (orequivalent) (A1)
attempt to use exponent property for logarithms (M1)
f(162®) = 3 log, (4z) (orequivalent) A1
EITHER

the graph of g must be vertically stretched (dilated) by a scale factor of 3
and stretched (dilated) horizontally by a scale factor of % Al

OR

the graph of g must be stretched (dilated) horizontally by a scale factor of
% and vertically stretched (dilated) by a scale factorof 3. A1



12.

Note: In this method, the final mark is A1, as the question specifically asks for
a translation and a stretch.

[6 marks]

[Maximum mark: 5]

Consider the function h(x) = logy, (3:132 —re+r— 2),where
z € R

Find the possible values of 7.
Markscheme

METHOD 1

recognition that 322 — rz + r — 2 mustbe greater than zero (seen
anywhere) R1

(discriminant =) (—7)? — 4(3)(r — 2) (: 2 — 12r + 24)

(seen anywhere) (A1)

2.53589 . .. (: 6 — 2\/§) AND
9.46410... <: 6+ 2\/3) (seen anywhere) (A1)

recognition that discriminant of 322 — 7z + 7 — 2isless than zero
(M1)

2.54 < r < 9.46 (6—2\/§<r<6—|—2\/§) Al

Note: Accept 2. 54 < r < 9. 46.



METHOD 2

recognition that 322 — rz + r — 2mustbe greater than zero (seen
anywhere) R1

EITHER
minimum when

T=7 = (yz) 3(%)2—'r(%)+r—2 (> 0) (A1)

attempt to solve their inequality for Y (must be in terms of 7" and 1°2) m1)

OR
2 2
z<l=>r>320Rrz>1=r<3Z2 @
2
attempt to find local minumum AND local maximum of 7 = 35__12 m1)

THEN

<7° >> 2.53589 ... (: 6 — 2\/5) AND
<7‘ <) 9.46410... (: 6 + 2\/5) (seen anywhere) (A7)

2.54 < r < 9.46 (6—2\/§<r<6—|—2\/§> Al

Note: Accept 2. 54 < r < 9. 46.

[5 marks]

13. [Maximum mark: 5]

Consider the function h(x) = log, (4:132 —re+r— 1),where
z € R



Find the possible values of 7.

Markscheme

METHOD 1

recognition that 422 — rz + r — 1 mustbe greater than zero (seen
anywhere) R1

(discriminant =) (—T)2 —4(4)(r — 1) (: r2 — 167 + 16)

(seen anywhere) (A1)

1.07179. .. (: 8 — 4\/5) AND
14.9282 . .. (: 8+ 4\/§) (seen anywhere) (A1)

recognition that discriminant ofdz? — rx + r — lislessthan zero
(M1)

1.07 <r < 14.9 (8—4\/§<r<8+4\/§) n

Note: Accept1.08 < r < 14.9.

METHOD 2

recognition that 422 — rz + r — 1 mustbe greater than zero (seen
anywhere) R1

EITHER

minimum when

e=5=(v=)4(5)" - r(5) +r-1 (>0) w



14.

attempt to solve their inequality for y (must be in terms of 7" and 7“2) M1)

OR

r<l=r>Lope>1=r< =l g
attempt to find local minumum AND local maximum of r = 45__11 M1)
THEN

(r >) 1.07179. .. (: 8 4\/3) AND
<7° <> 14.9282... (: 8 1+ 4\/5) (seen anywhere) (A1)

1.07 < r < 14.9 (8—4\/§<r<8+4\/§) Al

Note: Accept1.08 < r < 14.9.

[5 marks]

[Maximum mark: 5]

Itis giventhatlog;, a = %,wherea > 0.

Find the value of

@  logy (+): [2]

Markscheme
log,y 1 —logy, a OR logyy a™! = —log;, a OR logy, 1073

OrR 10* = -
103




1
—3 Al

[2 marks]

(b)  logipeo @ [3]

Markscheme

lo
1ogf]13000 log1099 10 OR logygqg V10007 oR

R L
3
105 = 1000* (= (10%)") @1

P88 op L logieg 10005 OR logigy 10007 OR 3z = L

(A1)

Al

L
9

[3 marks]

15.  [Maximum mark: 16]
Consider the arithmetic sequencea, p, q...,wherea, p, q 75 0.

(@)  Showthat2p — q = a. [2]
Markscheme

attempt to find a difference M1)

d=p—a,2d=q—a,d=qg—p OR
p=a+d,gq=a+2d,q=p+d

correct equation Al

a+q (or

p—a=q—pORg—a=2(p—a) ORp=

equivalent)



2p—q=a AG

[2 marks]

Consider the geometric sequencea, S, t...,wherea, s, t 7é 0.

(b)  Showthats? = at. [2]
Markscheme

attempt to find a ratio M1)

s 2t _t _ _ 2 _
r=—,r"=—-,r=- ORs=ar,t=ar",t=sr

correct equation Al

2
(%) — % OR 2 = %(orequivalent)

2

s“ = at AG

[2 marks]

The first term of both sequencesis a.

ltisgiventhatqg =t = 1.

(9 Showthatp > . [2]
Markscheme

EITHER
2p — 1 = s> (orequivalent) A1

(s>0)=2p—1>00rRs=+2p—1=2p—1>0 OR

2
p= 8—;1(and82 >0 R



OR
2p —1=aands®? =a A1
(s> 0,500a>0=2p—1>0 OR p“tanda >0

=p>3 A6

Note: Do not award AORT.

[2 marks]

Considerthe casewherea = 9, s > OQandg =t = 1.

(d) Write down the first four terms of the

(di) arithmetic sequence;

Markscheme

9,5,1,-3 A1

Note: Award A7 for each of 2"9 term and 4" term

[2 marks]

(d.ii) geometric sequence.

Markscheme

9,3,1,%+ A

R1



Note: Award A7 for each of 2"9 term and 4" term

[2 marks]

The arithmetic and the geometric sequence are used to form a new arithmetic
sequence Up,.

The firstthree termsof u, aret; = 9 +1In 9, uy = 5+ In 3, and
ug=1+1In1.

(e.i)  Find the common difference of the new sequence in terms of

In 3.
Markscheme

attempt to find the difference between two consecutive terms (M1)

d=uy—u;=54+In3—-9—1n9 OR
d=u3—us=1+In1—-5—-1In3

In9=2In3 0rRInl1 =0 OR
In3—In9=1n %(: In3!=—1In 3) (seen anywhere) (A1)

d=—-4—-In3 a1
[3 marks]

(e.ii) Showthatzgl = —90 — 25 1n 3.
Markscheme

METHOD 1



attempt to substitute first term and their common difference into S’y
M1)

2(2(9+1n9) +9(—4 — In 3)) OR
120 (2(9 +21n 3) + 9(—4 —In 3)) (orequivalent) A1

5( 18 —51n 3) (orequivalentintermsofln 3) A1

10
Zlu, =—-90—-25In3 46
1=

METHOD 2
u0=94+m9+9(—4—-1n3)(=—-27+1n9—91n 3)
attempt to substitute first term and their % 1g into S1g M1)

29+ 1In9)+9(—4 —1n 3)) or
9+In9—-27+1n9—91n 3) oR

2(94+21In3)+9(—4 —1n 3)) or
9+1n9— 27— 71n 3) (orequivalent) A1

= 5(—18 — 5 In 3) (orequivalentintermsofln 3) A7

10
Z;uZ =-90—-25In3 46
1=

[3 marks]

[Maximum mark: 12]
Consider the function defined by f(a:) =

ro| o
o
IN
8
IA
N

(a) Show that the inverse function is given by

fi(z)=2+1In (2%)



Markscheme

METHOD 1

attemptto interchangex andy M1
Note: This MT may be awarded at any stage in the working.

attempt to rearrange using definition of natural log or take the natural log
of both sides m1

METHOD 2

attempt to verify that (f © f_l) (:U) =x M
(fo f1)(x) = Se (¥)+2-2 (: 3 ¢ln (%’”))
attempt to use definition of natural log m1
(fof_l)(w):%XQ% A1

(fof V) =z 1

[3 marks]



The graphs of fand f ~!intersect at two points P and Q), as shown on the
following diagram.

(b)  Find PQ.
Markscheme

(0.264456...,0.264456...) AND
(2.51799...,2.51799...) @

Note: Award A7 for 0. 264456 . . .and 2. 51799. . . seen.

attempt to put their values in distance formula or use of the isosceles right-

angled triangle M1)

\/(2. 51799... — 0.264456...)" + (2.51799... — 0. 264456 ...

OR



V2 x (2.51799... — 0.264456.. )

= 3.18689...
=3.19 a1
[3 marks]

The graph of f isreflected in the z-axis and then translated parallel to the y-axis
by 5 units in the positive direction to give the graph of a function g.

() Write down
(ci)  anexpression for g(:[:); [2]

Markscheme

g(z) = —3e" 2+ 50r g(z) = —f(z) +5 A

Note: Award AT for each correct term.
[2 marks]

(cii) thedomain of g. [1]
Markscheme

0<x<4 m

[1 mark]

(d)  Solvethe equation f(a:) = g(:c).Give youranswerin the
formz = a + In b,wherea, b € Q. [3]



17.

Markscheme

-2 -2
3e"?=—3e"?4+50R f(z)=—f(z)+5
attempt to collect togethertermsine® 2 or f(x)  (M1)

3e? % OR 2f(x) =5

Note: Award A7 for each correct term given in exact form.

[3 marks]

[Maximum mark: 6]

The loudness of a sound, L, measured in decibels, is related to its intensity, I

units, by L = 101log,, (I x 10'%).

Consider two sounds, S1 and Ss.

S hasan intensity of 10 % units and a loudness of 60 decibels.

So hasan intensity that is twice that of S1.

(a)

State the intensity of So.

Markscheme

I=2x%x10°¢ (: m) (units) A1



[1 mark]

(b)  Determine the loudness of Ss.

The maximum loudness of thunder in a thunderstorm was measuredtobe 115

Markscheme

substitutes their doubled I-value from part (a) into L m1)

L =101logy, (2 x 1079 x 10'%) (= 63.0102...)

= 63. 0 (decibels) A1

Note: Accept 60 + 10 log; 2 (decibels) as a final answer.

Do not award the final A1 for L = O (from I = 10_12).

[2 marks]

decibels.

(©)

Find the corresponding intensity, I, of the thunder.

Markscheme

115 = 10 logy, (I x 10'2) @

attemptsto solvefor  (M1)

I = % (orequivalent) (= 0.316227...)

I = 0.316 (units) A1



18.

—-0.5 1
Note: Accept exact final answers such as 10 and —.
P v 10

[3 marks]

[Maximum mark: 15]
The functions f and g are defined by

f(z) =1In (2z — 7),wherez >

g(x) =2Inx —Ind wherex >0, d € RT,

(@) State the equation of the vertical asymptote to the graph of

y = g(z). (1]
Markscheme
x =0 A1
[1 mark]

The graphsof Yy = f(:l?) andy = g(m) intersect at two distinct points.

(bi)  Show that, at the points of intersection, 2 — 2dx + 7d = 0

[4]
Markscheme
settingln (22 —7) =2lnx —Ind M1
attempt to use power rule M1)

2 In 2 = In 22 (seen anywhere)

attempt to use product/quotient rule for logs (M1)



In (2¢ — 7) = In £ orln 5=
In (22 — 7)d = In z?

- = In dOR

%2:2:c—7OR 2;{7 =dorR(2z — 7) = x? A1

z2—2dr+7d=0 AG

[4 marks]

(b.i) Hence, showthatd? — 7d > 0. [3]
Markscheme

discriminant = (—2d)2 — 4 x7d (A1)
recognizing discriminant > 0 M1)
(2d)> — 4 x 7d > 00R4d? — 284 > 0 Al

d2—7d>0 AG

[3 marks]

(b.iii) Find the range of possible values of d. [2]

Markscheme

settingd(d — 7) > 00Rd(d — 7) = 0 OR sketch graph OR sign test
OrRd? > 7d (M1)

d<O0ord > 7, butd € R
d > T (or17, o0l Al

[2 marks]



The following diagram shows parts of the graph iy = f(:l:) andy = g(:c)

W

The graphsintersectat = pand* = q,wherep < q.

(0  Inthecasewhered = 10, find the value of ¢ — p. Express

your answer in the form a\/b_,where a, be 7. [5]
Markscheme
z% — 202 + 70 (= 0) A1
attempting to solve their 3 term quadratic equation M1)
20414/ (—20)*—4x1x70
((w—10)2—30=0)or<()§:) \/( 2) . )
z =10 — 1/30(= p)orz = 10 + v/30(= q) (1)
subtracting their values of T M1)

distance = 24/ 30 (01‘ \/m) A1



(a=2,b=230)(or a =1, b=120)

[5 marks]

19. [Maximum mark: 6]
Find the range of possible values of k such thate?* + In k = 3e”®
has at least one real solution.

Markscheme

recognition of quadraticine®  (M1)

() — 3e” + In k(= 0) 0R A% — 34 + In k(= 0)
recognizing discriminant > 0 (seen anywhere)  (M1)
(—3)2 — 4(1) (111 k) RO —4Ink @

Ink<% @
69/4 (seen anywhere) Al

0<k<e* m

[6 marks]

20. [Maximum mark: 6]
X

242

The following diagram shows part of the graph of y =
xz > 0.



o
ra

W

The shaded region Risbounded by the curve, the Z-axis and the line
r — C.

The area of Risln 3. [6]

Find the value of c.

Markscheme

A= f 332:3—2 de
0

EITHER

attempts to integrate by inspection or substitution using u = x? + 2o0r
u=u2x> M)

Note: If candidate simply statesu = x2 + 2o0ru = xQ, but does not
attempt to integrate, do not award the (M7).

Note: If candidate does not explicitly state the u-substitution, award the (M1)
only for expressions of the form k In wor k In(u + 2).



2

" o [Lin (u+2)]" oR [LIn (22 +2)]C a

[%ln u}z

Note: Limits may be seen in the substitution step.

OR

attempts to integrate by inspection (M1)

Note: Award the (M1) only for expressions of the form k In (332 + 2).
[0 (@ +2)]]  a

Note: Limits may be seen in the substitution step.

THEN

correctly substitutes their limits into their integrated expression M1)

%(In (c2 + 2) —In 2) (: In 3) OR
%ln (c2 + 2) — %ln 2 (: In 3)

correctly applies at least one log law to their expression (M1)

1in(%2) (=n3) orlnvVe? + 2~ Inv2 (= In3) or

1n<c27+2> =In9



21.

OR In (c2+2)—1n2—1n90R1n\/02;2 (:1n3) OR

In \/%(z In 3)

Note: Condone the absence of In 3 up to this stage.

c2+2 c24+2
—= —90R\/—2 =3 M

Note: Award A0 for ¢ = +4 as a final answer.

[6 marks]

[Maximum mark: 15]
Calculate the value of each of the following logarithms:

i 1
(@i)  log, 16
Markscheme
valid approach to find the required logarithm m1)

27 = L OR2" =2"*0R = =27* OR log, 1 — log, 16



[2 marks]
(aii) logg 3.
Markscheme
valid approach to find the required logarithm m1)
o 2 ol logs 3
9* =3 0R3“* =30R3 =92 OR 1og29
1
logg 3 =3 A1
[2 marks]
(aiii) log. 3 81.
Markscheme
<\/§>$ — 81 OR 281 (A1)
o 0g3 \/§
(3)? =3*0R L =40r 4 (1)
2
r =8 A1
[3 marks]

ltisgiven thatlog,, @ = 3,wherea, b € R, ab # 1.



(bi) Showthatlog,, b = —2. [4]
Markscheme

Note: There are many valid approaches to the question, and the steps may
be seen in different ways. Some possible methods are given here, but
candidates may use a combination of one or more of these methods.

In all methods, the final A mark is awarded for working which leads directly
to the AG.

METHOD 1
(ab)® = a (A1)
attempt to isolate bora power of b M1)

correct working (A1)

b= —& ORb> =a20Rb ! = (ab)’ ORB® = %

a3b?

b= —; orRb= (ab) *0r3log, b= —2log,, a OR

a’b?

—log,, b = 2log,, ab A1
]'Ogab b — —2 AG

METHOD 2
(ab)® = a (A1)
taking logarithm to base ab on both sides M1)

log,; (ab)® = log,, a OR log,, a®b® = log,, a



correct application of log rules leading to equation in terms of logab

(A1)

3log, a+3log,, b= log,, aor3log, b=—-2log, a

OR log,, b3 = log,, a2
log,, b = log,, a~7 OR log,, b = —%logab a OR
logy, b= —2(3) a1

log,, b= -2 AG

Note: Candidates may substitute logab a = 3 atany pointin their

working.
METHOD 3
log,, a =3
writing in terms of base @ mM1)
T (= 3)
og, ab
correct application of log rules (A1)

log a
m(: 3) OR ﬁgab(: 3) or 3log, b= —2 OR

log, b= —3
writinglog ;, binterms of base @ (A1)

log, b

logab b= log, a+log, b

correct working Al

1Ogab b= 1

|20

o £3)

()
log,, b = —2 AG

wo o



(b.ii)

METHOD 4

log,, ab=1 A2

log,, a+log, b=1 (A1)
3+log,b=1 A1

log,, b= -2 AG

[4 marks]

Ya
%.

Hence find the value of log .,

Markscheme

applying the quotient rule or product rule for logs

logab \3/_\/% - logab \3/5 _ logab \/E OR

3

logab 7: — logab \3/6 + logab % (A1)

correct working (A1)

= 1log,, a — +log,, b OR log,, ab — log,, Vb
= 13— 3(-2) (A1)

=2 A1

Note: Award ATA0A0A1 for a correct answer with no working.



[4 marks]

22, [Maximum mark: 5]

(a) 3yz—5

\/5_ can be written as 3 — 5P . Write down
the value of p. [1]

The expression

Markscheme

Weh 3 gt g

NS
1
b= —39
[1mark]
®) Hence, find the value of [ ( 222 d &
ence, fin evalueof |, NG . [4]
Markscheme

1l 3\@}_5 dz =3z — 1027 (+c) A1

substituting limits into their integrated function and subtracting M1)

3(9) — 10(9)7 — (3(1) - 10(1)%> OR
27— 10 x 3 — (3 — 10)

=4 A1

[4 marks]



23.

[Maximum mark: 5]

Consider the curve with equation y = (233 — 1)ekx,where:c eR
andk € Q.

The tangent to the curve at the pointwhere & = 1 is parallel to the

liney = HeFz.

Find the value of k.
Markscheme

evidence of using productrule M1)

W — (22 — 1) x (ke") +2 x ek (= ek (2kz — k + 2))
Al

correct working for one of (seen anywhere) Al

%atm:1$kek+2ek

OR

slope of tangent is He*

their % atx = 1equalstheslopeof y = bekz (: 5ek) (seen
anywhere) M1)

keF + 2eF = 5ek
k=3 A1

[5 marks]



24,

[Maximum mark: 15]
Consider the seriesln  + p In x + %hl x+...,wherex € R, . > 1
andp € R, p# 0.

Consider the case where the series is geometric.

(@i)  Showthatp = :I:%.

Markscheme

EITHER
attempt to use a ratio from consecutive terms M1

11
plns ;lii R slnz = (Inz)r’ oRplnz =In m(%)

1
3

Note: Candidatesmay useln ' + In 2 + ln % . . . and consider the

powers of T in geometric sequence

1
p _ 3
AwardMIforT = 7
OR
’r’zpand'r'z:% M1
THEN
2—Lopp=+L g

i

I
H-
Sl

AG



Note: Award MoAOfor 7> = é orp2 = % with no other working seen.

[2 marks]

(@ii)  Giventhatp > 0and Soo = 3 + v/3,find the value of 2.

Markscheme

Ine (=3+¢§) (A1)

1
1-7

_3_ 3 _ V3
Inz=3 @+\/§ Yz OR
mz=3-vV3+vV3-1(=hz=2) u

r=e? M

[3 marks]

Now consider the case where the series is arithmetic with common difference d.

; 2
(bi)  Showthatp = 3.
Markscheme

METHOD 1

attempt to find a difference from consecutive terms or from U9 m1

correct equation Al



plnx—lnx:%lnx—plnxOR
slnz=Inz+2(plnz—Inz)

1
Note: Candidates may useIn ! + In 2P + In 3 + . .. and consider
the powers of  in arithmetic sequence.

Award M1AT forp — 1 = % —p

2plnac:%1nm (:>2p:%) A1

p==2 4
METHOD 2
attempt to use arithmetic mean ug = % m1
In 2++In

phzx=——-F— M
2plna::i1nm (:>2p:%) A1
p=% 46
METHOD 3
attempt to find difference using U3 m1
%lnwzlna:—l—Zd (édz —%ln:c)

—1 1(1 _ _ — _1
uz =Inz+ 3 (31na: ln:c) ORplnz —Inz=—35lnz

Al



2
plnz=5lnz A

[3 marks]

(b.ii) Writedown dintheform k In x,where k € Q.
Markscheme

d= —%1nm A1

[1 mark]

(b.iii) The sum of the first 12 terms of the seriesis —3 In
Find the value of n.

Markscheme

METHOD 1

Sp=%[2Inz+(n—-1)x (—5lnz)]

Z.

attempt to substitute into S,, and equateto —3 In x M1)
2Z2lnz+(n—1)x (—3lnz)] =-3Inz
correct working with Sn (seen anywhere) (A1)

-1
%[21nm— %lner%lnzc] ORNnInx — n(nﬁ )lnwOR
n

5 (1nx+ (4_7") In :13)

correct equation without In z Al



1
_ %) — _30RnN — % = —J3orequivalent

|~

7 (

Note: Award as above if the series 1 + p + % -+ .. .isconsidered

leading to % (% — %) = —3.

attempt to form a quadratic= 0 (M1)
n®—Tn—18 =0

attempt to solve their quadratic (M1)
(n—9)(n+2)=0

n=9 A

METHOD 2

listing the first 7 terms of the sequence (A1)
lnx—l—%lnx—l—%lnm—i—O— %lnw—%lnm—lna:—k...
recognizing first 7 termssumto 0 M1

8th termis —%ln T (A1)

9th term is — %ln x (A1)

sumof 8"and 9" term= —3 Inx @1

n=9 A

[6 marks]



25. [Maximum mark: 15]

Consider the functions f(x) =

5;4 + 1,forx # 4,andg(z) = = — 3
forz € R.

The following diagram shows the graphs of f and g.

y

i

The graphs of f and gintersect at points A and B.The coordinates of A are
(3, 0).

(a) Find the coordinates of B.

Markscheme

$£4+1:m—3

M1)

22 —8r+15=00rR (z—4)’ =1 @y
valid attempt to solve their quadratic (M1)

(@ 3)(z —5) = 0 oR ¢ = £VE 100

0 OR (x —4) = £1

5) (may be seen in answer)

Al



B(5, 2) (acceptz =5, y=2) A1

[5 marks]

In the following diagram, the shaded region is enclosed by the graph of f the
graph of g, the x-axis,and thelinex = k,where k € 7.

y

The area of the shaded region can be written asIn(p) + 8, wherep € Z.

(b)  Find the value of k and the value of p.

[10]
Markscheme

recognizing two correct regionsfromx = 3tox = Handfromx = Hto
x=k

(R1)



k 5 k

triangle + [ f(z) dz orR [g(z)dz + [ f(z) d = OR
5 3 5

5

f(x—3)dx+f(ﬁ+1)dx

area of triangle is 2 OR 22—2 OR (572 — 3(5)) — (372 — 3(3))
(A1)

correct integration (A1)(A1)

J(G+1) da=n(z—4) + 2 (+0)

Note: Award A1 for In(z — 4) and A7for z.
Note: The first three A marks may be awarded independently of the R mark.

substitution of their limits (for ) into their integrated function (in terms of
I) (m1)

Ink—4)+k—(Inl1+5)

In(z—4)+z)f =In(k—4)+k-5 m

adding their two areas (in terms of k) and equatingtoln p + 8 ~ M1)
2+Ink—4)+k—5=Inp+8

equating their non-log terms to 8 (equation must be in terms of k) M1)
k—3=28

k=11 m

11—4=p

p=7 A1



26.

[10 marks]

[Maximum mark: 15]
Consider the function f(z) = a® wherex, a € Randx > 0, a > 1.

The graph offcontainsthe point (%, 4).
(a) Show thata = 8.

Markscheme

f(2)=40rai =4 m)

a=4% OrR a = (22)? OR a® =64 OR {/a =2 A1

a=32§8 AG

[2 marks]

(b)  Write down an expression for f ().

Markscheme

f1(z) =logg x Al

Note: Accept f 1 () = log,, x.
Accept any equivalent expression for f ~* e,g,f_l(x) = ﬁll_g



[1 mark]

(@ Find the value off_1 (\/3_2> [3]
Markscheme
correct substitution (A1)

— 1
logg v/32 OR 8% = 322
correct working involving log/index law (A1)

%logs 32 OR %logS 2 OR logg 2 = % OR log, 23 OR

5
5 5
log, 8 =3 OR 22 oR 2% =22

f(ve) =5

[3 marks]

Consider the arithmetic sequence logg 27 , logg p, logg g, logg 125,
wherep > landq > 1.

(di) Showthat27, p, gand 125 are four consecutive termsin a

geometric sequence.
Markscheme

METHOD 1

equating a pair of differences (M1)

Uy — up = ug — uz(= ug — us)



logg p — logg 27 = logg 125 — logg g
logg 125 — logg ¢ = logg ¢ — logg p

logs (%) = logg (1—(215), logg(%) = 10g8(%) A1A1

p __ 125 125 _ g
7 wE and wE » A1

27, p, gand 125 arein geometricsequence  AG

Note: If candidate assumes the sequence is geometric, award no marks

forpart (i).If r = % has been found, this will be awarded marks in part (ii).

METHOD 2

expressing a pair of consecutive terms, in terms of d M1)

p=28%x27andq = 8%¢ x 27 OrR q = 82¢ x 27 and
125 = 8% x 27

two correct pairs of consecutive terms, in terms of d Al
d 2d 3d
8 ;727 = 88d ;2277 = SQdigg (mustinclude 3 ratios) Al
. . d
all simplify to 8 A1

27, p, gand 125 arein geometricsequence  AG

[4 marks]

(d.ii)  Find the value of p and the value of q.

Markscheme



METHOD 1 (geometric, finding 7°)

ug = uyr OR 125 = 27(r)’ M1)
r = % (seen anywhere) Al

_ 125 _ 5
p=27r OR =% = 3 (M1)

p=45, q="75 A1A1

METHOD 2 (arithmetic)
ug = u1 + 3d OR logg 125 = logg 27 + 3d
d = logg (%) (seen anywhere) A1

logg p = logg 27 + logg(%) OR
logg g = logg 27 + 2 logg(%) (M1)

p=45, ¢q="T75 A1A1

METHOD 3 (geometric using proportion)
recognizing proportion (M1)

pg = 125 x 27 OR g2 = 125p OR p? = 27q
two correct proportion equations Al

attempt to eliminate either p orq (M1)
qQ:125><L(;<27 ORp2:27x%

p=45, q="75 A1

M1)



[5 marks]
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